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We introduce an entanglement-depth criterion optimized for planar quantum squeezed (PQS)
states. It is connected with the sensitivity of such states for estimating a phase generated by
rotations about an axis orthogonal to its polarization. We compare numerically our criterion with
the well-known extreme spin squeezing condition of Sørensen and Mølmer [Phys. Rev. Lett. 86,
4431 (2001)] and show that our condition detects a higher depth of entanglement when both planar
spin variances are squeezed below the standard quantum limit. We employ our theory to monitor the
entanglement dynamics in a PQS state produced via quantum non-demolition (QND) measurements
using data from a recent experiment [Phys. Rev. Lett. 118, 233603 (2017)].
Introduction.—Detecting entanglement in large quan-
tum systems is a major goal in quantum information sci-
ence and underpins the development of quantum tech-
nologies [1, 2]. Attention has now shifted toward the
practical use of entanglement as a resource: in partic-
ular, entanglement-enhanced sensing using ensembles of
103 − 1012 atomic spins has emerged as a major appli-
cation [3, 4]. In this context, spin-squeezing inequalities
can be used to quantify entanglement-enhanced sensi-
tivity. Standard treatment studies spin-squeezed states
(SSS), characterized by a large spin polarization in the
y-direction and a small variance in the z-direction, via
the parameter ξ2s :=
N(∆Jz)
2
|〈Jy〉|2 , where Jv =
∑N
n=1 j
(n)
v
for v = x, y, z are the collective spin components, j
(n)
v
are single particle spin operators, N is the total number
of atoms. Let us assume that the mean collective spin
points in the y-direction, while Jz is the spin component
in the orthogonal direction with the smallest variance.
Then, states with ξ2s < 1 provide quantum enhanced sen-
sitivity for estimating phases φ ≈ 0 due to small rotations
around Jx [5, 6]. Such states have been produced using
various platforms, including cold atoms [7–18], trapped
ions [19], magnetic systems [20] and photons [21].
The metrological sensitivity is strongly connected to
entanglement. According to the original spin squeezing
criterion, ξ2s < 1 also implies entanglement for atoms
with spin j = 1/2 [22]. This was extended to systems
with a higher spin by Sørensen and Mølmer, who in-
troduced a method to quantify entanglement by means
of the so-called depth of entanglement, i.e., the number
of particles in the largest separable subset [23]. Sev-
eral other highly entangled states have recently been
found useful for quantum metrology, such as Dicke states.
These states are unpolarized, have a large value of 〈J2x +
J2y 〉, and a small variance in the z-direction. Dicke states
can be included in a class of generalized spin squeezed
states, and their degree of entanglement can be quan-
tified through collective spin variances. Spin squeezing
inequalities have been developed to characterize entan-
glement in such states [24, 25], which have been produced
in experiments with photons [26, 27] and Bose-Einstein
condensates [24, 28–31].
Here, we focus on a different class of states, called pla-
nar quantum squeezed (PQS) states, studied theoretically
in [32–34], and observed in a recent experiment [35, 36].
These states have reduced spin variances in two direc-
tions, i.e., (∆J‖)2 := (∆Jy)2 + (∆Jz)2 is small, and a
large in-plane polarization, i.e., 〈Jy〉 ≈ Nj. They provide
quantum-enhanced sensitivity in estimating phases gen-
erated by rotations about the xˆ axis, without the need
of first localizing the phase around φ ' 0 and are use-
ful for tasks such as tracking a changing phase shift, or
simultaneous estimation of phase and amplitude beyond
classical limits [35, 36]. The planar squeezing parameter
ξ2‖ :=
(∆J‖)2
|〈J‖〉| , (1)
where |〈J‖〉| :=
√〈Jy〉2 + 〈Jz〉2 is the in-plane polar-
ization, was introduced by He et al. [32, 33] to quan-
tify such enhanced sensitivity and detect entanglement.
While planar squeezed states have intriguing properties,
the relation between their metrological usefulness and
their multiparticle entanglement has not been explored
so far.
In this paper, we show how to detect multipartite en-
tanglement that is also useful metrologically for the phase
estimation task above. In particular, we introduce a
method to detect the depth of entanglement based on
the planar squeezing parameter ξ2‖ . We present the con-
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FIG. 1. a) Bloch-sphere representation of: (yellow) spin-
coherent states, including uncertainty in the length of the
spin vector arising from Poissonian fluctuations in preparing
atomic ensemble; (blue) SSS produced by squeezing the Jz
variance of the spin-coherent state; (red) PQS state produced
by squeezing both Jz and Jy; (green) a Dicke state. b) Sen-
sitivity advantage of PQS state compared to SSS in detect-
ing an unknown phase φ. The dashed black circles indicate
the classical limit for independent spins ∆φ = 1/
√
N . The
SSS provides enhanced sensitivity for detecting phases around
φ ' 0, but reduced sensitivity for phases around φ ' ±pi/2.
In contrast, while the sensitivity of the PQS state is slightly
worse around φ ' 0, it provides enhanced sensitivity for all
phases 0 ≤ φ ≤ 2pi.
dition
ξ2‖ ≥ ζ2J , (2)
where ζ2J is the minimum value of the planar squeezing
parameter over single particle states of spin J. We prove
that for all spin-j ensembles that contain groups of at
most k-entangled particles, called k-producible [23, 37],
Eq. (2) holds with J = kj. Thus, ξ2‖ < ζ
2
J , implies a
depth of entanglement of at least k + 1 = J/j + 1. We
can even estimate at least how many particles must be
in fully entangled (k+ 1)-particle groups. We stress that
our criterion is very simple to use. We need to calculate
ζ2J only once for the relevant range of J, then Eq. (2)
can be applied for entanglement detection without any
additional numerical optimization.
Finally, we examine the usefulness of our criterion. We
compare it to the Sørensen-Mølmer criterion numerically,
and find that it detects a higher entanglement depth for
a large class of quantum states. We also test our theory
using data from a recent experiment in which a PQS
state was generated via semi-continuous quantum non-
demolition (QND) measurement [35, 36].
Link between our parameter and metrological
sensitivity.—We consider a protocol in which a col-
lective spin state is rotated about the Jx axis and
accumulates a phase φ such that the operator Jz
evolves as Joutz = J
in
z cosφ − J iny sinφ. Afterwards,
the phase is inferred from repeated measurements
of Joutz , with a sensitivity given by the error-
propagation formula (∆φ)2 = (∆Joutz )
2/|∂φ〈Joutz 〉|2.
We consider as a reference an input state with
an uncertainty at the standard quantum limit
(SQL), (∆J iny )
2
SQL = (∆J
in
z )
2
SQL =
1
2 |〈J in‖ 〉| [34, 36].
A SQL-limited state cannot beat the shot-noise
limit corresponding to separable states, since
(∆φ)2SQL = |〈J in‖ 〉|/(〈J inz 〉2 cos2 φ + 〈J iny 〉2 sin2 φ) ≥ 1/N .
Hence, we can normalize the sensitivity with re-
spect to the SQL and obtain that (∆φ)2/(∆φ)2SQL =[
(∆J inz )
2 cos2 φ+ (∆J iny )
2 sin2 φ
]
/|〈J in‖ 〉|. By averaging
over the phase we find∫ 2pi
0
dφ
2pi (∆φ)
2/(∆φ)2SQL =
1
2ξ
2
‖ . (3)
Thus, the planar squeezing parameter quantifies the av-
erage sensitivity enhancement compared to the SQL over
the interval 0 ≤ φ ≤ 2pi.
Entanglement criterion for planar squeezing.—
Following an approach similar to past works [23, 25], we
derive a tight criterion to detect the depth of entangle-
ment based on the above planar squeezing parameter by
computing the function
G
(j)
k (X) :=
1
kj min
φ∈(Cd)⊗k
1
kj 〈Ly〉φ=X
[
(∆Ly)
2
φ + (∆Lz)
2
φ
]
, (4)
where d = 2j + 1, j is the single-particle spin quantum
number, Lv are k-particle operators constructed from
spin-j operators, i.e., Lv =
∑k
n=1 j
(n)
v , where j
(n)
v are
single-particle spin components. First, we derive a crite-
rion that contains a tight lower bound on the planar spin
variance valid for all states with a depth of entanglement
smaller than k.
Observation 1.—Every k-producible state of a spin-
j particle system with average number of particles 〈N〉
must satisfy the tight inequality
(∆J‖)2 ≥ 〈N〉jG(j)k
( |〈J‖〉|
〈N〉j
)
, (5)
where G(j)k is defined as the convex hull of (4). Thus,
every state that violates Eq. (5) must have a depth of
entanglement of at least k + 1.
Proof.—For pure k-producible states of a
fixed number of particles N we have (∆J‖)2N =∑
n
[
(∆L
(n)
y )2 + (∆L
(n)
z )2
]
≥ ∑n knjG(j)kn (〈L(n)y 〉/knj),
where the L
(n)
v are collective operators of 0 ≤ kn ≤ k
particles. The second inequality follows directly from
the definition of G(j)kn . Now, we have to take into account
the fact that G(j)kn are (i) convex and (ii) decreasing
for increasing the index, i.e., G(j)r ≤ G(j)s for r ≥ s
and that k ≥ kn and
∑
n kn = N. Then, follows∑
n knjG(j)kn (〈L
(n)
y 〉/knj) ≥
∑
n knjG(j)k (〈L(n)y 〉/knj) ≥
NjG(j)k (〈Jy〉/Nj), where the first inequality comes from
property (ii) and the second from property (i) and
3Jensen’s inequality. Clearly, if N is divisible by k then
the inequality (5) is tight by construction.
Let us consider now a state with a non-zero parti-
cle number variance given as % =
∑
N QN%N , where
%N are states with a fixed particle number N and QN
are the corresponding probabilities. From the proper-
ties above and from the concavity of the variance follows
also that for such a state (∆J‖)2 ≥
∑
N QN (∆J‖)
2
N ≥∑
N QNNjG(j)k (〈Jy〉/Nj) ≥ 〈N〉jG(j)k (〈Jy〉/〈N〉j) holds,
〈N〉 = ∑N QNN being the average particle number. 
Starting from the function G
(j)
k (X) given in Eq.(4) we
can construct numerically the convex hull G(j)k that will
have properties (i) and (ii) mentioned in the proof, as we
now explain.
Numerical computation of G(j)k .—In order to detect
the depth of entanglement with our criterion we need to
carry out the optimization in Eq. (4). For for k = 1
and j = 1, straightforward algebra yields G
(1)
1 (X) =
3
2 − X2 − 12
√
1−X2. Analytical expressions are very
hard to obtain even for the next simplest cases. Numer-
ically the optimization can be carried out by finding the
ground states of Hλ = L
2
y + L
2
z − λLy, where Lv are the
k-particle operators defined before, which can be written
in the usual block-diagonal form, where each block acts
in some spin-J subspace. Hence, the higher the k, the
more are the spin-J subspaces involved. One can show
that, due to these, G(j)k cannot increase with k, which is
just property (ii) needed in the proof of Observation 1
(see Supplemental Material [38] for more details). When
the optimization in Eq. (4) is restricted to the subspace
with the maximal spin J = kj, we call the resulting func-
tion GsyJ (X), since it is computed by an optimization re-
stricted to the symmetric subspace of k-partite states.
In Fig. 2, we present a concrete example. The function
G
(1)
4 (X) is plotted together with its convex hull G(1)4 (X)
and Gsy4 (X). We can see that a simple linear function
corresponding to a straight line on the figure can be used
as a lower bound to G(1)4 (X). This lower bound works in
general, as we show in what follows.
Linear lower bound.—As outlined above, the compu-
tation of G(j)k (X) still requires some numerics, which can
be hard for high k and j. Here, we will simplify further
this task by finding a suitable lower bound that requires
only the numerical computation of GsyJ (X) with J = kj
and is thus easier than computing the full G(j)k (X).
Observation 2.—A convex lower bound to the curve
G
(j)
k (X) defined as in Eq. (4) is given by
G(j)k (X) ≥ Xζ2J , (6)
where ζ2J := min|ψk〉[(∆Ly)
2
ψk
+ (∆Lz)
2
ψk
]/〈Ly〉ψk is the
minimum value of the planar squeezing parameter over
single particle states |ψk〉 of spin J = kj. The proof is
given in the Appendix.
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FIG. 2. (color online). Lower bounds to (∆L‖)
2/kj as func-
tions of 〈L‖〉/kj for a system of k spin-j particles. The case
of k = 4 and j = 1 is shown. (dashed) The function G
(1)
4 (X).
(solid) The function Gsy4 (X) computed on the symmetric sub-
space. The convex hull of G
(1)
4 (X), denoted by G(1)4 (X) is a
linear function for X ≤ Xmin = argmin[Gsy4 (X)/X], while for
X > Xmin it coincides with G
sy
4 (X). M denotes the point
of the curve for which X = Xmin. The straight line provides
a lower bound on G(1)4 (X). (inset) The parameter ζ2J as a
function of J .
With this method we need only to determine ζ2J for
the relevant range of J , which can be written as ζ2J =
minX [G
sy
J (X)/X]. Thus, as a simple algorithm one can:
i) Find the ground states |φλ〉 of Hλ restricted to the sym-
metric subspace; ii) compute (∆L‖)2φλ and 〈Ly〉φλ ; and
finally take ζ2J = minφλ(∆L‖)
2
φλ
/〈Ly〉φλ , which is feasi-
ble until very large J, up to the thousands [38]. As an
example the values of ζ2J up to J = 27 are given in Ta-
ble I, while the qualitative behavior can be observed in
the inset of Fig. 2. Note that Eq. (6) is a tight approxi-
mation only for k ≥ 2, independently on j. For k = 1 the
original criterion given in Eq. (5), has to be used instead.
From Observations 1 and 2, we immediately obtain
Eq. (2), which connects the metrological performance
of the PQS states to their entanglement depth. Next,
we show that apart from proving that the entanglement
depth is k+1, we can also obtain information about how
many particles are in fully entangled groups of (k + 1).
This provides a simple interpretation of the degree of the
violation of Eq. (2).
Observation 3.—Let us assume that the total po-
larization is equally distributed over all particles. Then,
there is at least a fraction fk+1 = (1 − ξ2‖/ζ2J) of parti-
cles in fully entangled groups of (k + 1) or more, with
k given by J/j. The proof is given in the Supplemental
4Material, where the case of varying particle numbers is
included in the model [38]. We discuss that without the
assumption of equally split polarization, the above state-
ment still holds for almost totally polarized states, i.e.,
with 〈Jy〉 ≈ Nj and that similar ideas work also for the
Sørensen-Mølmer criterion [38].
Practical use of the criterion.—Thus, our criterion can
be employed to detect the depth of entanglement in states
for which two collective spin variances are known, as well
as the total in-plane polarization. With the same in-
put information, it would be possible to consider also
the Sørensen-Mølmer extreme spin squeezing condition
[39]. Then, we can numerically compare the two criteria
and study in which cases our criterion is more suitable
to detect entanglement. To do this we parametrize the
states with the ratio α = (∆Jz)
2/(∆Jy)
2 between the
two spin variances, and the total in-plane polarization
β = 〈Jy〉/N . Then, we plot the lower bound on (∆Jz)2
for k = 5 and j = 1 for various values of α and β and
see for which regions of the (α, β) plane our criterion de-
tects a higher depth. The result is shown in Fig. 3, where
we can observe that our criterion detects a higher degree
of entanglement in most of the plane, especially when-
ever the two variances become equal. Vice versa, totally
polarized states that are spin squeezed only along the z-
direction are detected with a higher depth by Sørensen-
Mølmer’s criterion. All these statements are valid also for
other k and j values. Thus, our criterion is especially tai-
lored for detecting PQS states and distinguish those from
traditional spin squeezed states, which are optimally de-
tected by Sørensen-Mølmer’s criterion. Furthermore, the
linearity of our criterion makes it directly connected with
improved sensitivity in phase estimations: a value of ξ2‖
below the threshold given by the constant ζ2J with J = kj
implies that: (1) the state must be (k+1)-entangled and
(2) its average sensitivity to rotations about the axis or-
thogonal to the plane of squeezing as compared to the
SQL (given by the parameter ξ2‖ itself as in Eq. (3)) is
better than that of any state with depth of entanglement
k or lower.
TABLE I. Values of ζ2J for 0 ≤ J ≤ 27.
J ζ2J J ζ
2
J J ζ
2
J
1 0.45 10 0.26067 19 0.21111
2 0.44906 11 0.25262 20 0.20758
3 0.38945 12 0.2455 21 0.20428
4 0.35321 13 0.23913 22 0.20118
5 0.32779 14 0.23338 23 0.19826
6 0.30852 15 0.22815 24 0.19551
7 0.29318 16 0.22336 25 0.1929
8 0.28054 17 0.21896 26 0.19043
9 0.26986 18 0.21489 27 0.18809
1
2
3
0
0.5
1
0
0.1
0.2
0.3
(∆ Jy)
2/(∆ Jz)
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J
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FIG. 3. (color online) Lower bound on (∆Jz)
2 given by the
(blue) extreme spin squeezing and (red) planar squeezing cri-
teria taken for k = 5 and j = 1 as a function of the ratio
between the two planar spin variances and the in-plane polar-
ization. Our criterion detects a depth of entanglement higher
than Sørensen-Mølmer’s for the parameter values for which
the red plot is above the blue one.
Next, we employ our criterion (2) to analyze entangle-
ment generated in a recent experiment in which a PQS
state was produced in an ensemble of N = 1.75×106 cold
87Rb atoms via semi-continuous quantum non-demolition
(QND) measurements [36]. In Fig. 4 we plot the ob-
served planar squeezing parameter ξ2‖ as a function of
the measurement strength, parametrized by number of
photons NL used in the QND measurement. As NL
increases, the input spin-coherent state evolves into a
planar squeezed state, with squeezing observed between
NL ' 2 · 108 and NL ' 3 · 108 photons, after which the
spin variances increase due to noise and decoherence in-
troduced by off-resonant scattering of probe photons. We
also plot the corresponding fraction fk+1 of atoms in
fully entangled groups of (k + 1) or more, detected us-
ing our criterion. We observe the corresponding increase
in entanglement depth with NL up to the optimum of
NL = 2.47 × 108 photons, after which entanglement is
gradually lost. At the optimum NL we observe a spin
coherence 〈J‖〉 = 0.83 N , and a planar squeezing pa-
rameter ξ2‖ = 0.32 ± 0.02. For comparison, using the
criterion developed by He et al. [32, 33], one would de-
tect a fraction 0.39 of atoms in entangled states, without
any information about the depth of entanglement. The
details of the experiment are given in the Supplemental
Material [38].
Conclusions.—We have introduced a new criterion
suitable to detect the depth of entanglement in planar
squeezed states, and to distinguish them from traditional
spin squeezed states, detectable with Sørensen-Mølmer
criterion [23]. Our criterion is simple to evaluate and di-
rectly connected with the sensitivity of PQS states for
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FIG. 4. Top: Shaded curves, lower bound for number of
atoms in fully entangled groups of at least (k + 1) particles.
From top to bottom: k = 1, 2, 3 and 4. Bottom: Squeezing
parameter ξ2‖ as function of the number of photons NL used in
the QND measurement. Orange shaded area represents ±1σ
confidence interval.
phase estimations that do not require any prior knowl-
edge of the phase. By numerical comparison, we have also
shown that our criterion represents an important alter-
native to Sørensen-Mølmer’s suitable to detect entangle-
ment in PQS states. Finally, we tested our criterion with
data from a recent experiment in which a PQS state was
generated via semi-continuous QND measurement [36].
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Appendix. Proof of Observation 2.—Let us consider a
general pure k-particle state |φ〉 = ∑J aJ |ψJ〉 , where
each |ψJ〉 is a single spin-J particle state. We as-
sume that the mean planar spin points into the y-
direction. We now need that the collective k-particle
spin components Lv can be written as the direct sum
of operators L
(J)
v acting on spin-J particle spaces with
0 ≤ J ≤ kj (or 1/2 ≤ J ≤ kj for odd k and
half-integer j). Then, since the collective angular mo-
mentum operators do not couple the different spin-J
subspaces of the total k-particle space to each other,
we have (∆L‖)2φ ≥
∑
J>0 a
2
J〈L(J)y 〉ψJ
(∆L
(J)
‖ )
2
ψJ
〈L(J)y 〉ψJ
. Hence,
(∆L‖)2φ ≥
∑
J>0 a
2
J〈L(J)y 〉ψJ ζ2J follows. Finally, we ob-
tain
∑
J>0 a
2
J〈L(J)y 〉ψJ ζ2J ≥ ζ2Jmax
∑
J>0 a
2
J〈L(J)y 〉ψJ =
JmaxXζ
2
Jmax
, where Jmax = kj, since X =
1
kj 〈Ly〉φ =
1
kj
∑
J>0 a
2
J〈L(J)y 〉ψJ and ζ2J ≥ ζ2J′ for J ≤ J ′. The last
property can be observed numerically, cf. Fig. 2(inset).
Due to the concavity of the variance, the statement fol-
lows for mixed states. 
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The supplemental material contains some details of the calculation obtaining convex hulls, and of
the proof of Observation 3. We also present a brief description of the experiment creating planar
squeezed states.
Convex hull G(j)k from spin-J subspaces.—The prob-
lem of finding the convex hull G(j)k of the optimal func-
tion defined by Eq. (4) can be approached exploiting the
Legendre transform, in this framework defined as [40, 41]
L[(∆L‖)2φ/kj](T ) := inf
φ
[ 1kj (∆L‖)
2
φ − 〈T 〉φ], (S1)
for the normalized planar variance (∆L‖)2φ/kj as a func-
tion of a certain observable T , which we will choose as
T = Ly/kj. Then, based the definition (S1), we can find
the lower bound (∆L‖)2φ ≥ G(j)k (X) by means of another
Legendre transform
G(j)k (X) := sup
λ
{λX − L[(∆L‖)2φ/kj](λLy/kj)}, (S2)
where X is a real number. The bound (S2) is precisely
the convex hull that we are looking for. Furthermore,
we can also write the first Legendre transform (S1) as an
eigenvalue problem (see also [42, 43] for a general addess-
ing of similar problems)
L[(∆L‖)2φ/kj](λLy/kj) = 1kj minsy,sz[minφ 〈Hsy,sz,λ〉φ], (S3)
where the parametric Hamiltonian Hsy,sz,λ = (Ly −
sy)
2 + (Lz − sz)2 − λLy is a collective operator acting
on a k-partite space of spin j particles. Let us write a
general pure state as |φ〉 = ∑kjJ=0 aJ |ψJ〉 , which is a
superposition of single spin-J states |ψJ〉. Since the col-
lective operator can be decomposed as a direct sum of
single spin J operators with 0 ≤ J ≤ kj (1/2 ≤ J ≤ kj
for half-integer j and odd k) the optimization can be sim-
plified. The expectation value in Eq. (S3) can be written
as the following sum
〈Hsy,sz,λ〉φ =
kj∑
J=0
a2J〈(L(J)y −sy)2+(L(J)z −sz)2−λL(J)y 〉ψJ ,
(S4)
where the L
(J)
m are single spin-J operators. Let us restrict
ourselves for simplicity to k > 1 and the cases of integer
j or half-integer j and even k. In such cases the space of
k particle states includes the singlet (i.e., a J = 0 state)
and we can easily prove the property G(j)k (0) = 0. In fact,
the value G(j)k (0) = 0 can be reached by choosing |φ〉 in
Eq. (S2) as the singlet, which is also the infimum, since
the function G(j)k (X) must be positive for all X.
More in general, substituting Eqs. (S3) and (S4) into
Eq. (S2) one can see that the function G(j)k (X) can be ob-
tained with minimizations in the single spin-J subspaces
with 0 ≤ J ≤ kj. Thus, clearly by increasing k one has
to minimize over a larger number of subspaces and con-
sider a higher number of parameters aJ , which makes the
resulting function decreasing wiht k. On the other hand,
for computing just G(J)sy (X) for a certain J one has to
put aJ = 1 and thus restrict the optimization to a single
spin-J subspace.
Proof of Observation 3: Quantifying the fraction of
particles in (k + 1)-entangled groups.—Let us consider
the entanglement depth criterion written in the form (5)
as in Observation 1. Given a certain k, we can give a
quantitative interpretation of the degree of violation of
the criterion by providing an estimate of the minimal
fraction of particles in (k + 1)-entangled groups.
Let us consider a pure state of N particles |ΦN 〉 =⊗N
n=1 |φn〉 ⊗ |Ψrest〉 for some partition that contains N
groups of kn ≤ k particles, with
∑N
n=1 kn = MN and
the rest in a collective state |Ψrest〉 of N − MN par-
ticles that are entangled in groups of k + 1 or more.
For such a state we have (∆J‖)2N ≥
∑N
n=1(∆L‖)φn ≥
MN jG(j)k
(∑N
n=1〈Ly〉φn/MN j
)
, due to convexity and the
fact that G(j)k (X) ≥ G(j)kn (X) for kn ≤ k.
At this point, we assume that 〈Ly〉 is distributed
among the N groups and the rest of the particles in pro-
portion of the number of particles in these two groups,
2i.e.,
∑N
n=1〈Ly〉φn/MN j = 〈Jy〉N /Nj. Hence, we arrive at
(∆J‖)2N ≥ MN jG(j)k (〈Jy〉N /Nj). Due to the concavity
of the variance and the convexity of G(j)k (X) this inequal-
ity also holds for mixtures of states of the type |ΦN 〉 with
a fixed particle number N, denoted by %N . Hence, we ob-
tain (∆J‖)2%N ≥ 〈M〉%N jG(j)k (〈Jy〉%N /Nj) .
Now we consider states % =
∑
N rN%N , where rN
are probabilities associated with different number of
particles N and groupings, and define Q = 〈M〉%/〈N〉%,
where 〈N〉% =
∑
N rNN is the average particle num-
ber, and 〈M〉% =
∑
N rN 〈M〉N . We have (∆J‖)2% ≥∑
N rN (∆J‖)
2
N ≥
∑
N rN 〈M〉N jG(j)k (〈Jy〉N/Nj) =
Q
∑
N rNNjG(j)k (〈Jy〉N/Nj) and by using
Jensen inequality we arrive at (∆J‖)2% ≥
Q〈N〉%jG(j)k (〈Jy〉%/〈N〉%j). Using Eqs. (1) and (6),
Observation 3 follows. 
So far, in the derivations we made the assumption
that the total polarization splits equally for the dif-
ferent sub-ensembles of atoms. Without such an as-
sumption, first for pure states, we analyze the worst-
case scenario in which for a state like |ΦN 〉 the po-
larization splits unequally and the state |Ψrest〉 is
polarized as much as possible. Hence, we assume
〈Jy〉Ψrest = (N−MN )j and it follows that
∑N
n=1〈Ly〉φn =
〈Jy〉N − (N − MN )j, and consequently (∆J‖)2N ≥
MN jG(j)k [(〈Jy〉N − (N −MN )j)/MN j] . Using Eq. (6),
we obtain (∆J‖)2N ≥ ζ2J [〈Jy〉N − (N − MN )j]. This is
clearly valid for mixed states with a varying particle num-
ber as (∆J‖)2% ≥ ζ2J [〈Jy〉% − (〈N〉% − 〈M〉%)j], which can
further be rewritten as Q ≤ (ξ2‖/ζ2J + W − 1)/W where
W = 〈N〉%j/〈Jy〉%. Then, for a state that is almost fully
polarized, i.e., 〈Jy〉N ≈ 〈N〉N j we recover the statement
of Observation 3.
Argument similar to the proof of Observation 3 above
can be applied also to the Sørensen-Mølmer criterion,
which states that
(∆Jz)
2 ≥ NjFJ
( 〈Jy〉
Nj
)
(S5)
holds in a system of spin-j particles for states with an
entanglement depth of at most J/j. Here, FJ(X) is a
convex function obtainend numerically [23]. Based on
our discussion, we can interpret the degree of violation
of the Sørensen-Mølmer criterion in a similar way.
Description of Experiment.—Experimental data is
taken from Ref. [36]. In this experiment, an ensem-
ble of laser-cooled, spin-1 Rb87 atoms was loaded into
a single-beam optical dipole trap, polarized via optical
pumping, and allowed to precess in the (y, z)-plane un-
der an external magnetic field at a rate ωL ' 2pi×26 kHz.
Measurement-induced spin squeezing of the (∆Jy)
2 and
(∆Jz)
2 was achieved via Faraday rotation probing using
a train of near-resonant, µs-duration optical pulses.
More concretely, the collective spin oscillates such that
FIG. S1. The experimental configuration of Ref. [36]: an en-
semble of laser-cooled 87Rb atoms trapped in a singe-beam
optical dipole trap and precessing in the y–z plane due to an
external magnetic field Bx. The atoms are probed via para-
magnetic Faraday rotation: the polarization of input linearly
polarized optical pulses rotates by an angle θ ∝ Jz, the spin
projection onto the measurement axis, as it passes through
the atoms, and is detected using a balanced polarimeter.
Jz(t) = Jz cosφ−Jy sinφ, where φ = ωLt. The atoms and
light interact via the hamiltonian H = gSzJz(t), where
the Stokes operators Sk describe the optical polarization.
This describes a quantum non-demolition (QND) mea-
surement of instantaneous spin projection Jz(t): the op-
tical polarization rotates by an angle θ = gJz(t), where g
is a coupling constant, proportional to the instantaneous
spin projection along the z-axis [44]. Measurement of θ
projects the atoms onto a state with (∆Jz(t))
2 reduced
by a factor ∼ 1/(1 + g2Nn), where N is the number of
atoms in the ensemble, and n is the number of photons
in a single probe pulse. Correspondingly, (∆Jx(t))
2 is
increased by a factor ∼ 1 + g2n, and (∆Jy(t))2 is in-
creased by a negligible factor of order 1. Repeated QND
measurements of Jz(t) as the spins oscillate progressively
squeezes the input Jz and Jy spin components, to pro-
duce the PQS state. At the same time, off-resonant scat-
tering of probe photons during the measurement leads
to decay of the spin polarization at a rate η ∝ g2, and
introduces noise β ∝ n into the atomic spin components.
This leads to a trade-off between measurement-induced
squeezing and decoherence, and an optimum measure-
ment strength, characterized by the total photon number
NL = pn, where p is the number of probe pulses.
In the experiment, the PQS state was detected by
recording a series of measurements θ(tk) and fitting using
a free induction decay model
θ(t) = g
[
Jz(te) cosφ− Jy(te) sinφ
]
e−tr/T2 + θ0, (S6)
where tr ≡ t − te and the phase φ = ωLtr. This model
allows a simultaneous estimation of J = {Jz(te), Jy(te)}
producing a conditional PQS state at time te. te can
be adjusted, allowing to study how the spin squeezing
and entanglement evolves during the measurement as a
function of NL. Conditional spin squeezing was detected
by comparing two estimates, J1 and J2, taken from the
set of measurements immediately before and after te, and
computing the conditional covariance matrix ΓJ2|J1 =
ΓJ2−ΓJ2J1Γ−1J1 ΓJ1J2 which quantifies the error in the best
linear prediction of J2 based on J1, where Γv indicates
3the covariance matrix for vector v, and Γuv indicates
the cross-covariance matrix for vectors u and v. The
measurement sequence was repeated 453 times to acquire
statistics. Measurement read-out noise Γ0 was quantified
by repeating the measurement sequence without atoms
in the trap. The atomic spin covariance matrix was then
estimated as Γ = ΓJ2|J1 − Γ0, which has entries Γij =
〈JiJj + JjJi〉/2− 〈Ji〉〈Jj〉.
